P-MODULES ON SMOOTH TORIC VARIETIES 
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Abstract. Let X be a smooth toric variety. Cox introduced the 
homogeneous coordinate ring S oi X and its irrelevant ideal b. Let 
\^ • A denote the ring of differential operators on Spec(S'). We show 

that the category of 2?-modules on X is equivalent to a subcategory 
of graded A-modules modulo b-torsion. Additionally, we prove that 
r K I the characteristic variety of a I?- module is a geometric quotient of 

^~^ • an open subset of the characteristic variety of the associated A- 

'^N I module and that holonomic P-modules correspond to holonomic 

_C . v4-niodules. 

1. Introduction 

^ I Let X be a smooth toric variety over a field k. Cox introduced 

0^ . the homogeneous coordinate ring 5* of X and the irrelevant ideal b. 

Q , The fc-algebra S* is a polynomial ring, with one variable for each one- 

t^^ I dimensional cone in the fan A defining X, and has a natural grading 

O 



B 
X 



by the class group C1(X). The monomial ideal b C S encodes the 
^ ■ combinatorial structure of A. The following theorem of Cox in- 

fH , dicates the significance of the pair (S, b). We write O-Mod for the 

category of quasi-coherent sheaves on X and S-GrMod for the category 
of graded S-modules. A graded S-module F is called b-torsion if, for 
all f & F, there exists i > such that b^f = 0. Let b-Tors denote the 
full subcategory of b-torsion modules. 

^ I Theorem (Cox). 1. The category O-Mod is equivalent to the quo- 

tient category S'-GrMod/b-Tors . 
2. The variety X is a geometric quotient of Spec(5') \ Var(b) by a 
suitable torus action. 

When X = P", this is Serre's description of quasi-coherent sheaves on 
projective space and the classical construction of projective space. 

The aim of this paper is to provide the P-module version of this the- 
orem — V denotes the sheaf of differential operators on X. To state 
the analogue of the first part, we introduce the following notation. We 
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write "D-Mod for the category of left "D-modules on X. The ring of dif- 
ferential operators on Spec(5') is the Weyl algebra A; it also has a nat- 
ural C1(X) grading. To each element u in C1(X)^ = Hom^ ( C1(X), Z) , 
we associate an "Euler" operator 9^ E A [see (|2.B|) for the precise def- 
inition]. The full subcategory of graded left A-modules F satisfying 
(^Q - (u, a)) ■ Fa = for all a G C1(X) and all u G C1(X)^ is denoted 
A-GrMode. 

Theorem 1.1. The quotient category A-GrModg/b-Tors is equivalent 
to the category V-Mod. 



The special case, when X is projective space, can be found in Borel ||B+ 

This categorical equivalence is given by two functors. The first takes 
an object F in A-GrMode to the P-module F whose sections over the 
affine open subset Ua associated to a G A are {F^b)q. The second maps 
a P-module J^ to Tl{J^) = ®^^c\{x) H^{^^ ^'(a) ®T). In fact, if F 
is finitely generated then F is coherent and if JF is coherent then it is 
of the form F for some finitely generated graded A-module F. Our 



analysis of the Tl{—) extends the work of Musson |[M2|] and Jones |J2 



on rings of twisted differential operators on toric varieties. 
Our second major result is 

Theorem 1.2. //F G A-GrModg is finitely generated, then the char- 
acteristic variety of F is a geometric quotient of a suitable open subset 
of the characteristic variety of F. 

Moreover, given a finitely generated F G A-GrModg which has no b- 
torsion, we show that the dimension of F is equal to the dimension 
of F minus the rank of C1(X). In particular, holonomic A-modules 
correspond to holonomic P-modules. 

The category of modules over the Weyl algebra is a well-studied 
algebraic object and we hope to study P-modules on X by using 
these methods. In particular, effective algorithms have been devel- 
oped for D-modules on affine space; for example, see the work of 
Oaku [0, Walther |W[], Saito-Sturmfels-Takayama |[SS'1]| and Oaku- 
Takayama ||0T|| . It would interesting to use our results to extend these 
methods to smooth toric varieties. 

Many of our results are valid for a simplicial toric variety if one 
replaces S and A with the subrings 0bePic(x) "^b and 0bgPic{x) ^6! 
see Cox 0. This approach allows one to recover the general results 
of Musson ||M2|| and Jones |J^. For simplicity, we present the smooth 



case and leave the possible generalizations to the reader. 

The contents of this paper are as follows: The second section reviews 
the basics about toric varieties, the Weyl algebra and P-modules. In 
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the third section, we determine the module associated with the sheaf 
V ® 0{h). We introduce the C1(X) x Cl(X)-graded A- A bimodule 

A{h) 



D= e 



^^^^^^^ A-{e^ + (a, b) : u G a(X)v) 
and construct a morphism 

(a,b)GCl(X)2 

We prove that t] is an isomorphism in two steps. We first show that 
Tj induces an isomorphism on the associated sheaves. Secondly, we 
establish that H^{D) = Hl{D) = 0. The first step is a local statement 



and can be reduced to results of Musson |M1|. We provide a direct proof 



using simplifications due to Jones |Tl|]. The fourth section contains the 



proof of Theorem |1.1| . We establish this result for both left and right 
P-modules. In general, there is an equivalence between these and we 
show how this is induced at the level of A-modules. In the last section, 



we prove Theorem |1.2| and related dimension results. 

We would like to thank David Eisenbud, Bernd Sturmfels, Nobuki 
Takayama and Will Traves for their helpful comments. 

2. Background 

We collect here a number of more or less standard definitions, results 
and notation. Throughout this paper, we work over an algebraically 
closed field k of characteristic zero. 

Toric varieties. Let X be a smooth toric variety determined by the 

fan A in A^ = Z". We write vi, . . . , v^ for the unique lattice vectors 
generating the one-dimensional cones in A and we assume that the v, 
span N ®i R. Each Vj corresponds to an irreducible torus invariant 
Weil divisor in X. Since these divisors generate the torus invariant Weil 
divisors, we may identify the group of torus invariant Weil divisors with 
l/'. Let ej denote the standard basis for U^ and set e = ei + ■ • ■ + e^^. 
There is a short exact sequence 

(2.A) — .N'^^^r^ -^ C1(X) — > , 

where t(p) = (p, vi)ei + ■ • • + (p, ^d)G:d and the second map a h-^ a is 
the projection from Weil divisors to the divisor class group. Since X is 
smooth, the divisor class group C1(X) is isomorphic to the Picard group 
Pic(X). In particular, the invertible sheaf (line bundle) associated to 
a G C1(X) is denoted 0(a). 
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Following Q, the homogeneous coordinate ring of X is the polyno- 
mial ring 5* = k[xi, . . . ,Xd] with a Cl(X)-grading induced by 

deg(x'^) = deg(a;f ■ ■ ■ x''/) = a G C1(X) . 

For a cone a G A, a is the set {z : Vj ^ a} and a;°" = Ilvi^cr^j ^^ ^^^ 
associated monomial in 5*. The irrelevant ideal of X is the reduced 
monomial ideal b = {x'^ : a G A). 

Recall that each cone cr G A corresponds to an open affine subset of 
X, Ua- — Spec{S^3)o. Every graded 5'-module F gives rise to a quasi- 
coherent sheaf on X, denoted by F, which corresponds to the module 
(F^.3)o over Ua- li F is finitely generated over S, then F is a coherent 
O-module; O denotes the structure sheaf on X. Moreover, every quasi- 
coherent sheaf on X is of the form F for some graded S'-module F and 
if the sheaf is coherent, then F can be taken finitely generated. For an 
S-module F, we have F = if and only if F = H^[F)] in other words 
F is b-torsion. 

Weyl algebra. By definition, the d-th Weyl algebra is 

k{xi,...,Xd,di,...,dd} 



A 



didj—djdi = 

OiXj XjOi — O'lj 



The canonical ring morphism S ^—>- A provides A with the structure of 
left S'-module. As in the case of S, A has a Cl(X)-grading given by 

deg{x^d^) = deg(x^^ ■ ■ ■ x'^'^d^' ■ ■ -d^') = a-h e C1(X) , 

and the a-th graded component of A is denoted A^. For each element 
u of C1(X)^ = Homg ( C1(X), Z), we have an Euler operator 

(2.B) 0^=^u,ei)9i + --- + {n,ed)9d, 

where 9i = Xidi. Notice that 0^ has degree zero. 

The Weyl algebra A is isomorphic to the ring of differential operators 
on A*^. The natural action of A on a polynomial / G S* is Xj • / = Xj ■ / 
and di • f = g^. Since S is also a subring of A, the symbol • helps 
distinguish this action from the product ■ : A x A —^ A. The ring of 
differential operators on S'a;a = S'[x^'^] is denoted Ax^l and is equal to 
the localization A[x~'^]. 

P-moduIes. The sheaf of (algebraic) differential operators on X is 
denoted V. On an affine open subset U <ZX, H°{U,V) = [Ji>o'^KU) 
where V%U) = H%U, O) and 

V'iU) := {. £ End. (//»([/. O)) : i:;^^^'^^^!^^, ] • 
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A X'-module is a sheaf JF on X which is quasi-coherent as an O-module 
and has a structure of module over V. A P-module is coherent if 
it is locally finitely generated over V. We write P-Mod and Mod-P 
for the categories of left and right I^-modules respectively. The full 
subcategories of coherent left and right P-modules are denoted P-Coh 
and Coh-'D. 

3. Sheaves of Differential Operators 

The goal of this section is to describe the left S'-modules correspond- 
ing to twists of the sheaf of differential operators. Recall that, for 
a graded A-module F and b G C1(X), -F(b) is the shift of F by b: 
F(b)a = -^b+a- We define the graded left A-modules 

- _ A{h) 

^^ ^~ A-(^s + (u,b):uea(X)v) 

and 

beci(x) 
Notice that D has a C1(X) x Cl(X)-grading where D(a,h) = -DL(b)a. 
Lemma 3.1. The module D is a graded A-A bimodule. 
Proof. Multiplication in the ring A yields the right action of A on D: 

A{h)^^kA^, > A(b + b')a 



^L(b)a®fc^b' ' I^L(b + b')a. 

To see that the induced map is well-defined, observe that, for all ele- 
ments / G A^, and u G C1(X)^, we have 

(^a + (a,b)) ■ / = / ■ (^a + (u,b)) + (u,b') ■ / 

= /-(^o + (u,b + b'))- 

This action is clearly compatible with the left A-module structure. It 
follows that D is an A-A bimodule. Since / G Ag,/ and g G Af,, implies 
/ ■ -^(a,b) ■ 9 ^ -0(a-i-a',b+b')' ^ ^^ bigradcd. In other words, if we let A° 
denote the opposite algebra, then A^kA° is a Cl(X)^-graded ring and 
D is a graded module over A^^ A°. D 

Analogously, we define right A-modules: 

A(a) 



DRisi) 



(u,a) :ugC1(X)v).A 
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and 

aeCl(X) 

Again, D' is a C1(X) x Cl(X)-graded A-A bimodule where the multiph- 
cation on the left is induced by the multiphcation in the Weyl algebra. 
In fact, we obtain the same module. 

Lemma 3.2. There is a canonical identification D = D' which respects 
the graded bimodule structure. 



Proof. Since we have 



^a+b 



^^'""^ A^+6-(^u+(u,b):uGa(X) 
and 



v\ 



D' 



^a+b 



(^'^) (^a-(u,a):uGCl(X)v).A^_,j,' 

it is enough to show that Ag^j, ■ (^q + (u, b)) = (^q — (Uj^)) ■ A^+s- 
However, for every / G ^a+B) "^^ have 

/ ■ (^a + (u, b)) = (^a + (a, b)) ■ / - (u, a + b) ■ / 
= (^a-(u,a))-/, 
which establishes the lemma. D 

Now, the cohomology of V has an A-A bimodule structure. 
Lemma 3.3. The direct sum 

H\X,0{?i)®V®Oih)) 

(a,b)GCl(X)2 

is an A-A bimodule. 

Proof. It suffices to give /c-linear maps: 

(3. A) ^ : Aa' ®k H^ {X, C(a) ®V0 C(b)) 0^ A^,, 

> H\X, C(a + s^)®V® Oih + b')) . 

Locally, a section s G if°(f/o-, (9(a) ® V ® C^(b)) can be identified 

with an element of Hom^ ((5*^5 )_b? {Sx")s)i where a is a cone in A. 
Moreover, the action of / G Ag on S* descends to action on S^n which 
increases degrees by a. Thus, we may define {lJ'\u„){.f®^®9) = f °sog. 
One verifies that ^i\u„ maps into H°{U^, C(a + a') O P O C(b + b')) 
and that these local definitions glue to give the required map. D 



©-MODULES ON SMOOTH TORIC VARIETIES 7 

We next construct a morphism of graded A-A bimodules 
(3.B) 7]-. D —^^H%X, 0(a) 0V0 0(b)) . 

(a,b) 

Since r/ is a graded /c-linear morphism, it is enough to define r]{f) for / G 
%b)- For/ G %^B), let r/(/) be the section of i7°(X,C(a)®r'®C(b)) 
whose restriction over each f/g- corresponds to the map induced by the 
action of /: {Sxs)-^ — ^ {Sx3)a- To see that ri{f) is well-defined, 
consider / G ^a+b " (^u + (u, b)). It follows that, for g G {Sx»)_^, we 
have 

(^a + (u, b)) • ^ = - (u, b) • ^ + (u, b) • ^ = 

and therefore i]{f) = 0. It is clear that r^ is a morphism of graded A-A 
bimodules. The main result of this section is the following. 

Theorem 3.4. The morphism rj [see equation ( |3.B| )] is an isomor- 
phism of graded A-A bimodules. 



Before proving Theorem p.4| , we collect some local results. We first 
consider a local version of rj. By composing rj with the restriction to 
U„ where a G A, we obtain a morphism of left S'-modules 

D—^ ^° (^- ^(a) ® ^ ® ^(b)) , 

(a,b)eCl(V)2 

which induces a morphism 

V'^-.D.B^ H%U^,Oisi)(g)V®0{h)). 

(a,b)GCl{V)2 

Taking the degree zero component yields the ring morphism 

Understanding (^o- is an important ingredient in establishing Theo- 
3^. We begin by studying the map ip„: {A^b)q — > H^{Ucr,V) 



rem 



which induces (^o-- 

By definition, H'^{Ucr,T>) is the ring of differential operators on the 
ring (5*^5 )o. However, the inclusion tg- : cr^ H N'^ "-^ TJ^ induces a ring 

isomorphism (denoted by the same name) if,: k\o^ fl A^^] ^> [S^-d)^. 
To see this, observe that x'^'^p^ G 5*^5 if and only if (p, Vj) > 0, for all 
Vj G a^i which is equivalent to p G cr^. It follows that the isomorphism 
ifj induces an isomorphism, called V'o-, from the differential operators on 
(S'a.&)o to the differential operators R^ on k\a^ fl N^\. More explicitly. 
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we have ipa{f) = l'^^ o / o '■o-- We will actually focus on the morphism 

Following ||M1|] and [^, we decompose (Aa;s)o and R^ under the ap- 
propriate torus actions and express ip„ o ip^ in terms of these decompo- 
sitions. To be more concrete, we identify N"^ with Z" by fixing a basis. 
Let £i, . . . , £„ denote the standard basis of Z"' and let £ = £i + ■ ■ ■ + £„. 
We continue to call the natural embedding t: N"^ = Z" — > Z'^. 

The torus (k*)'^ acts on k[xi'^, . . . ,x^^] by A * (x^) = \^x^ which 
produces an action on Axb given by X*{x'^d^) = X'^~^x'^d^ for A G {k*Y. 
The corresponding eigenspace decomposition is A^e = 0^62^ ^^ ' ^5 
where W is the polynomial ring k[6i, . . . ,6d\- Taking the degree zero 
part, we have (A2;e)o = ©pg^n x''^''^^ -W. Since (^4^3)5 is invariant under 
the action of {k*y, the decomposition of {Ax<^)q yields 

(A,a)o=0X^(P)-J(p), 

peZ" 

where J(p) is an ideal in W. To describe J(p), recall that A^a is 
the ring of differential operators on S^b. Thus, ii g G W, then x^^^^g 
belongs to J(p) if and only if {x''^^^g) • 3^9 C S^b. Equivalently, for 
every x^ satisfying aj > when v^ G a, we have g{a)x^^''^^^^ G S^b. We 
conclude that J(p) is the ideal of polynomials vanishing on 

Z(p) = (aGZ^: ^j ^ ^^ -fj ^-<^ 1 

^ ' 1 L[p)j + a.j < tor some Vj G a J 

Analogously, the affine space A^ has as its associated Weyl algebra, 

A;{yi,...,l/„, 5i,...,S„} 



A' 



yiVj-yjVi = 

Bidj—Bjdi = 



and the torus (k*)" acts on the Laurent ring k[yf^, . . . , y^^] = fc[A^^] in- 
ducing an action on A'^s . The corresponding eigenspace decomposition 
is A'yE = 0pg2" y^ ' ^'' where W is the polynomial ring /c[t?i, . . . , t?„] 
and {}{ = yibi. The inclusion R^j ■— > A'ys identifies R^ with 

{f e A'y. : f . {k[cr'' n N"^]) c ky n N"^]} . 

Since this condition is torus invariant, R„ is also torus invariant and 
we obtain R^ = ©pg^n y^ ■ /(p), where 

Identifying W with the coordinate ring of A", we have f •y^ = f{q)y'^ 
for every q G A^^. Hence, J(p) is the ideal of polynomials vanishing on 

r(p) = {q G a^ n A^^ : q + p ^ a^ n A^^} . 
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Finally, we define a map p: W — > W. The inclusion i: TP' ^ U^ 
induces, by tensoring with fc, a linear embedding (denoted by the same 
name) t : A" ^ A'^ of the corresponding affine spaces. Identifying W 
and W with the coordinate rings of A'^ and A" respectively, we obtain 
the ring homomorphism p = i* : W ^ W. Clearly, p is surjective and 
Ker(p) = {9^:ue C\{Xy). 

With this notation, we have 

Lemma 3.5. The ring homomorphism ip^ o (f^ : (A^<t)o — > Ra is 
given by x^^^^ ■ 9 *-^ y^ ■ p{g) where p G Z" and g E J(p). 

Proof. It suffices to show that (ipa- o (fa-)ix''^^^g) and y^p{g) have the 
same action on y*^ G kla"^ fl A^^]. On one hand, we have 



L 






= L 

= g{i{^))y''^'' ■ 

On the other hand, we also have 

which establishes the claim. D 

Before returning our attention to (pa-, we need one more lemma. 

Lemma 3.6. If the elements 6i and 9j inW = k[9i, . . . ,9d] are distinct 
and correspond to rays Vj and Vj in the same cone a, then, for every 
pair of integers nii andruj, the elements p{9i) + rui and p{9j) +mj are 
linearly independent over the field k. 

Proof. Suppose otherwise: for some c G A;, we have p{9i) + nii = c ■ 
{p{Oj) + nij). It follows that p{9i) = c ■ p{9j) and hence 

n 



^(£<?,Vi)^£ = C- \ ^{£i,,Wj)dt 



£=1 



We deduce that {£i,Vi) = {£i,c ■ v^) for all i and thus Vj = c ■ v^-. 
However, the Vj in any cone a are linearly independent. D 

We are now in a position to understand ipa- In particular, we obtain 
the following proposition which is a special case of Musson's results on 
rings of differential operators; see | iVll| . 

Proposition 3.7 (Musson). For every a G A, the map (p^ [see equa- 
tion (|3.C|) ] is an isomorphism of rings. 
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Proof. The fact that ipa- is a ring homomorphism follows directly from 
the definition. Thus, the assertion reduces to showing that ipa o V'o- is 
surjective and to describe its kernel. To achieve this, we determine the 
Zariski closures of Y{p) and Z{p). Since the Zariski closure of the set 
of integer points inside a rational polyhedral cone is the linear space 
spanned by that cone, it is easy to check that 



'Z(p) = U {hek'':k = m}, 



(3.D) 



{i,m)£A' 



jr(p) = U {q G fc" : .(q),, = m} = .-H^(p)) , 

I, (i,m)GA' 



where A' = {{i,m) : Vj G cr and <m < — 6(p)i}. We claim that 
p(J(p)) = /(p). Indeed, equation (|3.D|) implies that /(p) = a/p(J(p)), 
so it is enough to check that p(J(p)) is a radical ideal. However, J(p) 
is the principal ideal generated by 

(3.E) hp:= H {Oi-m). 

{i,m)£A' 

From the equation ( ^.E] ) and Lemma [X^, we see that p( J(p)) is reduced 



and hence /(p) = p(J(p)). Applying Lemma p75|, it follows that ipa°^c 
and (fa- are surjective. To prove that ipa o <^ct is injective, recall that 
Ker(p) = (6*0 : u G C1(X)^). Thus, it is enough to show that, for every 
p G Z", we have J(p) n Ker(p) = J(p) ■ Ker(p). To see this, observe 
that / G t/(p) n Ker(p) implies / = hpfi. Therefore, it suffices to 



notice that p{hp) ^ 0, which follows from Lemma |3.6| . D 

We now prove the main result in this section. 
Proof of Theorem \3.^ . We must show that, for every b G C1(X), the 



homomorphism of graded left A-modules 

aGCl(X) 

is an isomorphism. 

The first step is to prove that ?7(*,b) induces an isomorphism of the 
associated sheaves. Fix a G A and choose b G Z'^, mapping to b in 
C1(X), such that x^ is an invertible element in S^s. Since the restriction 
of 0{h) to Ua is trivial, one may always find such a b. We then have 



©-MODULES ON SMOOTH TORIC VARIETIES 11 

a commutative diagram: 



(^^9)0 "f-y 



(^,a)o(ea:uGCl{X)v) 



ii\U,,V) 



®a;° 



(^,&)b •f''o 



(^,a)b-(«Q + (Q-b>:uGCl{X)v) 



E\U,,V®0{h)) 



where (p^ is the morphism in Proposition |3.7| and (p'^ is the analogous 
morphism induced by ^(0,6)- Now, Proposition ^?^ imphes that (p^ 
is an isomorphism and the vertical arrows are clearly isomorphisms. 
It follows that (^^ is an isomorphism and therefore tiu^\ induces an 
isomorphism of the associated sheaves. 
If F is a graded S'-module, we write 

aeCl(X) 

For every such F, there is an exact sequence 

(3.F) ^ Hl{F) -^F^Tl{F)^ HliF) -^ , 



where b is the irrelevant ideal; see |[EMS|| . Hence, if if^(-D2,(b)) and 



Hl(^DL{h)^ both vanish, then ^(^.^s) is an isomorphism. We relegated 
these vanishing results to Propositions |3.8| and |3.9| below. D 

Our first vanishing result is 

Proposition 3.8. The element x^ ^ b is not a zero divisor on DL{h) 
and H^{DLih)) = 0. 

Proof. The first assertion implies the second, so it suffices to show that 
x^ is not a zero divisor. Every a G Z^ can be written uniquely as 
a = a^ — a~ where a"*" and a^ are non-negative and have disjoint 
support. Consider the action of the torus {k*Y on the Weyl algebra A; 
the corresponding eigenspace decomposition is A = 0aeZ'' ^^ ^^ ' ^' 
where W = k[9i, . . . ,9d]- Let Lq C W he the ideal generated by 
9^+{u, b) for all u e C1(X)^. Since Lq is generated by linear forms, it is 
a prime ideal. Let L denote the left A-ideal {9^ + (u, b) : u G C1(X)^). 
With this notation, we have L = 0ag2<* ^'^ ^^ ' -^o- 

For x^ to be a non-zero divisor on Diih), it suffices to prove that, 
for g & W and a G Z'^, the relation x^x'^ d^ g & L implies g & Lq. To 
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accomplish this, we first note 



x'^-x'' d" 



ii>0 / VaKO 

=ii>0 / \ai<0 / 

(a+e) + ^(a+e)- "Q (^. ^ ^^ + 1) . 



X 

ai<0 

Hence, x*^ -x^ d^ 9 & L iniphes (Ha <o(^* + ^j + 1)) ■ (? G Lq. Suppose 
g ^ Lq. Since Lq is a prime ideal, there exists an index i such that 
aj < and ^j + a-j + 1 G Lq. Expressing 6i + a-j + 1 in terms of the linear 
generators of Lq, it follows that there is u G C1(X)^ such that 9i = 9^. 
However, for every w G A^^, equation ( p.AD implies 

(u, (w, vi)ei H h (w, Vd)ed) = , 

from which we deduce that (w, Vj) = and Vj = giving a contradic- 
tion, n 

We end this section with 

Proposition 3.9. The local cohomology module iJ^(£'i(b)) vanishes. 

Proof. Since x^ is not a zero divisor on /^^(b), there is a short exact 
sequence of ^-modules 

— D,{h) ^X D,{h) -^Q = ^^^^ — 0, 

x" ■ -Dilb) 

and the long exact sequence of local cohomology gives 

(3.G) -^ H',{Q) -^ HliDLih)) ^^ HliDUh)) . 

Because every element in if^(Z?i(b)) is annihilated by a power of b, 
the injectivity of x*^- in equation (|3.G|) implies that if^(L)i(b)) = 0. 
Thus, it suffices to prove that H^{Q) = 

Let K be the left A-ideal satisfying Q = A{h)/K. To prove that 
H^{Q) = 0, we must show that if / G A satisfies {x^)"^f G K for some 
m > 1 and all a G A, then f & K. Using the notation from the proof 



of Proposition p.8|, we have K = L + x'^ ■ A. From the decomposition 
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oi A, we have 

x'' ■ A = x'' ■ x^'^d'"' ■ W 

= ('x('^+^)"9('^+^)- l" JJ (^^ + a, + l)) . w] , 

agZd V \a,<0 / / 

and we deduce K = ^^ez^^^ ^^ ' ^{^i where K{a) is defined to 
be Lq + ( ria <o(^i + ^«)) ■ ^ ■ Thus, it is enough to consider elements 
/ e A of the form x^ d^ g with g E W and prove that g G K{a). 
Moreover, we may assume that m + aj > for 1 < i < d. 

By induction on r, we see that x'^d^ = YYi^ii^i — j + 1) for r > 1. 
Hence, for aj < 0, we have 

-ai 
^rn^-a, _ ^^+a.^-a,^-a, _ ^rn+a. . "Q^^. _ ^- + 1) 

i=i 
and, for cr G A, we obtain 

-ai 

(X")™X'^^9'^" = ('^(a+™-)+5(a+mS)- j . -Q -Q^^. _ J + 1) , 

where A = {i : Vj ^ a and a^ < 0}. We deduce 

(3.H) ( nn(^^ -^' + 1) I ■ ^ e Lo + ( n(^^ +^^)]■w, 

\ieAi=i / VieA / 

where A = {i : Vj G u and a^ < 0}. 

For each b G Z*^, we define an automorphism a^ : W — > W given 
by ab{Oi) = Oi — bj and we define pb : W — > W to be the composition 
Pb = P o ttb (the map p is defined in the paragraph before Lemma ^31) . 
It is clear that pb is surjective and Ker(pb) = Lq. Applying pb to 
equation (|3.H|) gives 



jgAJ=i / VieA 

Lemma |3.(j| obviously extends to pb and implies 



Pb(^)G (nPb(^. + a,)) -W. 

ViGA / 
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Since this relation holds for every a G A, a second application of 
Lemma ^]6| shows that Ph{g) G {Yla <o P^(^i + ^*)) ' ^' ^^^ there- 
fore g G K{s.) = Lq + ( n„,<o(^^ + a.) j" W. D 

4. P-MODULES 

We now use Theorem Tl to describe the relation between A-modules 
and P-modules on X. We begin by showing that the S'-module asso- 
ciated to a I'-module has a graded A-module structure. 

Proposition 4.1. If J-" is a left V-module, then the graded S-module 

agCl(X) 

has a graded left A-module structure, extending the left S-module struc- 
ture. Similarly, if Q is a right V-module, then the graded S-module 

bGCl(X) 

has a graded right A-module structure, extending the right S-module 
structure. 

Proof. We present the left P-modules case here — the proof for right 
P-modules is completely analogous. For the first assertion, it is enough 
as well to construct fc-linear maps 

/^f^,a ■ ^a' ®fe ^° {X, Oia) ®T)^H^ (X, 0(a + a') ® T) , 

for all a, a' G C1(X), satisfying the obvious axioms. To accomplish 
this, we consider a local version of the left multiplication map ( p.A| ) 
when b = 0. More explicitly, for each cr G A, this morphism is 

/^a',a|c/. : Aa' ®k H\U,, 0(a) ® V) ^ H\U,, 0(a + a') ® V) , 

given by /ia^alc/^l/ ® ^) = / ° ■s. We claim that iJia.',a\u„ is a mor- 
phism of right if°(f/c,,X')-modules. To see this, recall that sections 
s G H^{U„, Oih) ® V) and g G H°{U^,V) can be identified with ele- 
ments in Homfc ((5'^a)o, {S^a)^;^) and Hom^ ((S'^s)o, (5^9)0) respectively. 
In particular, we have 

(/^a',a|c/,(/ 'S)s))-g = fosog = /ia',a|(7„(/ ® S ■ ^f) , 

for all / G v4a'. It follows that, by tensoring the map /ia'.alc/^ o^i the 
right with H^{U„,J-') over H^{U„,V), we obtain a /c-linear map 

/^?,alc/. : ^a' ®fc ^°(^^, (^(a) ® ^) -^ H%U^, 0(a' + a) ® .F) . 

These maps glue together to give /ij ^ which makes F into a graded 
left A-module. D 
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Let y4-GrMode be the category of graded left A-modules F such that 

(4.A) (^a - (n, a)) ■ Fa = for all a G C\{X) and all u G C\{XY . 

A graded A-module F is called b-torsion if, for every f & F, there exists 
i > such that b^f = 0. Let b-Tors denote the full subcategory of b- 
torsion modules. Similarly, GrMode-A is the category of graded right 
y4-modules G satisfying G^ ■ {9^ + (u, b)) = for all b G C1(X) and 
all u G Cl(X)'^. Let Tors-b denote the full subcategory of b-torsion 
modules in GrModg-A. It is clear that A-GrModg and GrModg-A are 
both abelian categories closed under taking graded subquotients. The 
main result in this section is: 

Theorem 4.2. The map F \-^ F is an exact functor from A-GrModg 
toP-Mod, JF h-i> Vl{!F) is a left exact functor from V-Mod to A-GrMod^ 
and there are natural transformations of functors 

idA-GrModg/b-Tors ^ ^L ° and O Tl > idx)_Mod • 

Similarly, the map G ^^ G is an exact functor from GrModg-A to 
Mod-P, Q ^^ r^(^) is a left exact functor from Mod-P to GrModg-yl 
and there are natural transformations of functors 

idGrModfl-A/Tors-b ^ ^R ° 0,nd O F/j > idiviod-D • 

In particular, every left P-module is of the form F for some graded 
left A-module F and every right P-module is of the form G for some 
graded right A-module G. 



Proof of Theorem \i.^ . Again, we give the proof only for left modules. 
For the first part, we consider an object F in A-GrModg. By definition, 
we have H^{Ua,F) = {F^s)q, where (-F,;s)o is a left (A^&)o -module 
and 0" G A. In light of Theorem |3.7| , we must show that, for every 
u G C1(X)^, we have 9^ ■ (F,.Oo = 0. Now, if jjy^ G (F,s)o, then 
/ £ Fme^ where e^ = J2ieB ^* ^^^ the hypotheses on F imply 

9u ■ (3,S)m = (^^U(-^B)m j ' J 

(a;3-)™ '^u ■ J / ^ Tn\U., Gi) /^SVm. ■ J 

= j^ {9u - (u, me^)) ■ / = . 

Therefore H^{Ucr, F) has a structure of left module over H'^{Ua, T>) for 
every a G A. It is straightforward to verify that these structures glue 
together to give a P-module structure on F. By construction, we see 
that F is quasi-coherent sheaf over V. 
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Conversely, let T be an object of "D-Mod. Applying Proposition 4.1 



we know that F = Tl{J^) is a graded left A-module, so it is enough 
to prove that F satisfies (|^). Fixing u G C1(X)^ and a G C1(X), it 
suffices to show that 

f^l-Ju^{i^n-{u,a))^s') =0, 

for every cr G A and all sections s' G H^{U„, C^(^) ® J^\ As explained 
in Proposition ^]T|, we have 

so that we may identify s' with a linear combination of elements of the 
form s ® /. By definition, we have 

/^Jalc/. ((^u - (u, a)) ® s ® /) = (0a - (u, a)) o s ® / , 

and we claim that {9^ — (u, a))os is zero. Indeed, for every x^ G {S^s)a., 
we have 9u{x^) = (u, ej)cix'^ + ■ ■ ■ + (u, ei)cdX^ = (u, a)a;'^. Therefore, 
if 5 G H%U„, O) = (5,a)o, then s{g) G (^,.)a and 

(0fl - (u, a))(s(^)) = (u, a)s(^) - (u, a)s(^) = . 

Finally, the exact sequence (|3.F|) provides the first natural trans- 
formation, once we observe that Hl{F) is b-torsion. It follows from 
Cox that the sheaf associated to ri(jF) is isomorphic to J-". D 

As a corollary, we obtain 

Proof of Theorem |j.j| . Follows immediately from Theorem [4.2| . D 

We next turn our attention to coherent D-modules and finitely gen- 
erated graded A-modules. We write A-GrMod^ and GrModg-A for the 
full subcategories of A-GrMod^ and GrMod^-A consisting of finitely gen- 
erated A-modules. 

Proposition 4.3. If F is an object in A-GrMod^ then F is a coherent 
left 'D-module. Moreover, every coherent left T>-module is of the form F 
for some F G A-GrModg. Similarly, G G GrMod^-A implies G belongs 
to Coh-'D and every coherent right V-module is isomorphic to G for 
some G G GrMod^-A. 

Our proof is analogous to the C-module case found in Cox Q. 

Proof. Once again, we present the proof only for left modules. Suppose 
that F belongs to A-GrMod^. To establish that F G X>-Coh, we have 
to check that, for every cr G A, {F^b)q is finitely generated over {A^s)q. 
Thus, it suffices to show that, for every element f E F, there is an 
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invertible element g G S^b such that g ■ f has degree zero. Consider / 
in Fa. Since X is smooth, there is a divisor corresponding to a G Z'^ 
supported outside a and whose class is a. It follows that x"** is an 
invertible element in S^b and x~'^ ■ f has degree zero. 

For the second assertion, we must show that given a coherent left 
P-module J-' there exists a finitely generated A-submodule F of T^lJ-') 
such that F = T. Since JF is coherent, H^{Ua,J^) is finitely generated 
over H^{Ua,V), for every a G A. Choose, for each a G A, a finite 
set of homogeneous elements in Tl{J^) which are the numerators for 
a corresponding set of generators of H^{Ua,J-')- Setting F to be the 
y4-submodule of Tl{J^) generated by the union of these sets, we have 
F = J-" and F is finitely generated over A. D 



Remark 4.4. As a consequence of Theorem |4.2| , we have F = if and 
only if the graded S'-module F satisfies F = H^{F); this is equivalent 
to saying that F is a b-torsion module. At the other extreme, F has 
no b-torsion when H^{F) = and we say that F is b-saturated when 
H^{F) = Hl{F) = 0. Now, every left P-module JF can be represented 
by a unique saturated A-module, namely Tl{J^)- Unfortunately, this 
may not be finitely generated, even if JF is coherent. However, by re- 
placing F with a suitable submodule of F/H^{F), we may assume that 
F has no b-torsion and is finitely generated, whenever JF is coherent. 

Example 4.5. The A-module corresponding to the structure sheaf O 
(which is a left P-module) is Tl(0) = ^ ,g^ g . . In particular, Tl{0) 
is isomorphic to S, where S has the standard A-module structure. 

Corollary 4.6. For every b G C1(X), there is an isomorphism of 
graded left A-modules Tl{T> ® C^(b)) = Di^{h). Similarly, we have 
r^(0(a)®2))^Z)«(a). 

Proof. Theorem ^^ provides rj^^^^^y. Diih) — ^^ ^l{T^ ® ^(b)) and 
r/(o,.) : Dnisi) -^ Tr (0(a) ® P) . D 

Corollary 4.7. For a, b G C1(X), we have Dl^sl) G A-GrMode and 
Djiih) G GrModg-A. 



Proof. This follows from Corollary 4.6 and Theorem 4.2. D 



Corollary 4.8. Let F be a graded left A-module generated by homoge- 
neous elements {fi}i with deg/j = bj. For F to belong to A-GrModg, 
it is necessary and sufficient that {6^ — {u, bj)) ■ fi = for all i and all 
u G Cl(X)'^. A similar assertion holds for graded right A-modules. 
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Proof. This condition is clearly necessary. To see the other direction, 
consider the surjective graded morphism defined by the given genera- 
tors: ^- A{—hi) — > F. By hypothesis, this factors to an epimorphism 
0. DLi-hi) — > F and Corollary |]7| implies that F e A-GrMode. D 

Corollary 4.9. For each T G X'-Mod, there exist a family {bj}i of 
elements in C1(X) and an epimorphism 0,^ ® 0{—hi) — > T . The 
analogous result also holds for Q G Mod-'D. 



Proof. Theorem [4.2| implies that there exists F G A-GrModg such that 
T = F . Now, Corollary ^]^ gives an epimorphism 0^ Z)i(— b,;) — > F . 
Taking the corresponding morphism of sheaves and applying Corol- 
lary |4.6| establishes the claim. D 



Remark 4.10. Applying Corollary |4.9| , one can construct a resolution 
of a P-module using twisted modules P(S)(9(bj). More concretely, given 
a graded module F satisfying F = T , Grobner basis techniques can 
be used to construct a resolution of F by modules -Dj;^(b) which will 
then lift to a resolution of JF. It would be interesting to investigate the 
relationship between these two types of resolutions. 

The last part of this section is devoted to the categorical equivalence 
between right and left "D-modules on the toric variety X. Recall that, 
for a smooth variety X of dimension n, the sheaf of differential forms of 
top degree ^2" has a natural structure of right P-module extending the 
usual O-module structure. Locally, right multiplication of an n-form 
ijj with a vector field v is defined by cu ■ z/ = — Liej,(ci;), where Lie,^(co') 
is the Lie derivative of a; along v (see | JB"^| | Chapter VI. 3. 4 for details). 

The equivalence of categories r^^ij: "D-Mod — > Mod-P with inverse 
trl'- Mod-P — > D-Mod is defined as follows: For a left P-module T, 
we have tlr^J^) = J-'^Q'^ where the right multiplication with a vector 
field z/ is (/ cu) ■ z/ = —i^{f) ®uj + f®uj-v. Similarly, if ^ is a right 
P-module, then tiil{Q) = 'Homo{^^-,Q) and left multiplication with a 
vector field v is given by v ■ tp{uj) = il){uj ■ v) — ip{uj) ■ v. 

In particular, the left-right equivalence of A-modules is given by the 
algebra involution r: A — > A, where x^d^ i— > {—d)^x^. Specifically, 
given a graded left A-module F, we obtain a graded right A-module 
F^ which has the same underlying additive structure and has multipli- 
cation defined by g ■ f = T{f) ■ g ioi g & A and f & F. Similarly, if G is 
a graded right A-module, then an analogous procedure yields the left 
A-module C^. It is clear that {F'^Y = F and {C^Y = G. Furthermore, 
for graded A-modules, we have 
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Proposition 4.11. There are inverse equivalences of categories 

t'^^^ : A-QMode — ^ GModg-A , r^^^ : GrModg-A — > A-GrMode 

given by t^r{F) = F^(-e) and r^l'^iG) = G^{e) where e G C1(X) is 
the class 0/ e = ei + ■ ■ ■ + e^ G Z' 



d 



Proof. We only need to show that the graded components of r^^"^ (F) 
and T^l^ [G) are annihilated by suitable Euler operators. However, this 
follows from the fact that t{6u) = —6^ — {u, e), where u G C1(X). D 

Example 4.12. Since t{6u + (u, a)) = — (^q — (u, a — e)), there is an 
isomorphism r'P^^ [Dl^sl)) = DR^a — e). 

We next show that these equivalences of categories are compatible 
with the functors in Theorem |4.2| . We will use the fact that, for a 
smooth toric variety X, there is a natural isomorphism Q^ = 0{—e). 
In fact, if denotes the unique zero dimensional cone in A, then this 
isomorphism identifies the section -^ A • • ■ A -^ with — - — on the open 
subset Uo (see Section 4.3 in 0). 

Proposition 4.13. For the pair of functors {t^r^,tlr), the diagrams 
A-GrMod. ^^ GrMod.-A ^"^od ^^ Mod-D 



—mod 

D-Mod ^^^ Mod-P A-GrMode -^^ GrModr^ 

are commutative, up to natural isomorphisms. A similar statement 
holds for the pair (t]j£^, trl) . 

Proof. Since trl = {tlr}^^ and r^l^ = (t]^^^)~^, the second assertion 
is a consequence of the first. Because F'^ = F a.s 5- modules and ^2" = 
0{—e) as (9-modules, there is a natural isomorphism of O-modules 

pF- tlr{F) = F ® f]" — > ^LH^(^) = F^{-e). Thus, it suffices to 
prove that Pf is compatible with the right P-module structures. 

By taking a presentation ^,. Diihi) — > F, we see that it suffices to 
establish the claim for F = DL(hi). In this case, the restriction map 

H^^U,F^e))^H%U',F^e)), 

is injective for open subsets [/' C t/ C X. Thus, the claim reduces to 
showing that Pf is compatible with the right P-module structure on 
Uq. Over Uq, the map 



PfIuo- (-^xi-xjo ®(&i...,Jo ^ iUo,Q'^) — > (F^,. 



■^dJ 
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is ffiven by fi^cu i— >■ — ^ — , where u = -^A- ■ -A-^. Now, it is enough to 
check that jSplu^ is compatible with right multiphcation with a vector 
field z/ over Uq. Using the notation from Lemma 3 .51 , we may assume 
that u = y^p{6i), for some p G 7/^. We first compute 

(/ ® u;) • yPp{e,) = - {y^p{e,) ■ f) ® u + f ^ {u ■ y^p{e,)) . 

By definition, we have 

(u;-|/Pt?j)(9i,...,S„) = -(LieyP^^(t^))(9i,...,a„) 

n 

= ^u;(5i,...,[|/P^j,5i],...,5„) -Licj^p^^ (u;(5i, . . . ,3„)) 

i=l 
n 



i=l 



yi---yn ' 
from which we deduce u ■ y^p{9i) = —t{p)iy^ ■ u. Identifying the action 
of y^p{Oi) on F with the action of x^^-^^^j, we obtain 

{f®uj)- y^pie,) = ((-x^(P)^, - .(p).x'(P)) ■f)®iu. 

On the other hand, we have 



xi---Xd ' V '/ x\---Xd 



(_a;^(p)0^_(,(p)^ + iy(p))_i_ 
' ' -x^(P)^,-.(p),x^(P))/^ 



rci-'-Xd 



and we conclude that /3f((/ ® cu) ■ z/) = /3f(/ cj) ■ z/. 

In the second part, we consider T G X'-Mod. For F = ri(jF), 
we construct the natural map /5^: t^r^ (T l{J^)) — > r/?(TLi?(^)), by 
composing the morphisms: 

(4.B) rr^^(r^(^)) = F-(-e) ^ Tn{F^e)) , 

(4.C) /3^.(_e) : r^(F^)) ^ r^,(^ ® fi") = rR{TLR{r)) . 

Since F is b-saturated, it follows that F'^(— e) is also b-saturated and 
hence (4^) is an isomorphism. Moreover, Tr is a functor and /?i?r(-_g) 



is an isomorphism which implies that ([4.C|) is also an isomorphism. D 

Example 4.14. The isomorphism of (9-modules fi" = 0{—e) yields 
an isomorphism of S'-modules r^(r2") = 5'(— e). Proposition [4.13| 
shows that this is an isomorphism of right A-modules if 5'(— e) has 
the right A-module structure given by 5'(— e) = jQ—gyj- 
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5. The Characteristic Variety 

In this section, we use the relationship between P-modules on X and 
graded A-modules to describe the characteristic varieties. In particular, 
we relate the dimensions of F and F. For simplicity, we restrict our 
attention to left modules. 

We start by recalling the quotient construction of X; see O or ||M1 



Let T be the torus Hom (C1(X), k*) ^ (A;*)'^-". The group T can be 
embedded into {k*Y by the projection Z"' — > C1(X). The diagonal 
action of {k*Y on the afiine space A*^ induces an action of T on A'^ such 
that the open subset U = A'^\ Var(b) is T-invariant — Var(b) denotes 
the subscheme associated to the ideal b. Since X is smooth (and hence 
simplicial), there is a canonical morphism U — > X such that X is a 
geometric quotient of U with respect to the action of T. Furthermore, 
we have 

Lemma 5.1. For every z eU , Stabr(z) = {!}. In particular, all the 
T -orbits in U have dimension d — n. 

Proof. Consider a point z in U and t &T satisfying t ■ u = u. Writing 
z = {zi, . . . , Zd), we have t ■ z = (t(ei)zi, . . . , t{ed)zd) and we deduce 
that t(ej) = 1, for all i such that Zi ^ 0. Because there is a G A such 
that x"{z^ 7^ 0, we conclude that t(ej) = 1 for every i with Vj ^ o. 
On the other hand, t belongs to Hom ( C1(X), A;*) so we have 

t((h, vi)e, + ■ ■ • + (h, v,)e,) = t(ei)<h'Vi> . . . t(e,)<h.v.) = i ^ 

for every h G X^ . It follows that Hv eo- '^(^i)^'^'^'^ ~ -'-• Because this 
holds for each h G X^ and the Vj form part of a basis of X, we also 
conclude that tio.^ = 1 when f j G a and therefore t = 1. D 

We next identify A'^ x A'^ with the cotangent bundle of A"^ and con- 
sider the natural T-action on it. Let S' = k[xi, . . . ,Xd,^i, ■ ■ ■ ,^d], with 
the Cl(X)-grading given by deg(xi) = — deg(^j) = e^, be the coordi- 
nate ring of A"' x A"'. Since the action of T on A*^ is linear, it follows 
that the action of T on A"' x A"' is given by t ■ {zi, Z2) = {t ■ zi,t'^ ■ z-i). 
It is clear that l^ = f/ x A"' C A"' x A"' is invariant under the action of 
T. We construct its quotient as follows. 

Proposition 5.2. There is a morphism vr: V — > X' such that X' is 
the geometric quotient ofV by the action ofT. In addition, for every 
z & V, we have StabT(-2) = {1} implying that all the T-orbits in V 
have dimension d — n. 

Proof. The first step is to construct the morphism vr: V — > X' as 
a categorical quotient — this is a local problem. For every a G A, 
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let V„ (^ V he the open subset defined by the non- vanishing of a;"". 
In other words, we have Vo- = (^ \ Var(x'^)) x A^ C V^, which is 
clearly T-invariant. Thus, the categorical quotient is locally V^ = 
Spec {S'[{x^)-Y). Since t ■ x^^^ = t(a - b)x*^^^, for every t e T 
and a, b G Z'^, we have S'[{x^)-^'^ = S'[{x^)-%. Now, if ao is 
a face of a such that ctq = cr fl h"'" for h G N"^ fl o"^, then we set 
c = (h,vi)ei + •■■ + (h,Vd)erf G Z'^. It follows that S'[{x^'')-% = 
(5"[(x°')^^]o) c which provides an open immersion V^^ "^h. Vj,-. Thus, 
we obtain morphisms tTo- : K-g — > K- which glue together to give the 
categorical quotient n : V — > X'. 

In the second step, we establish that vr : V — > X' is in fact a geo- 
metric quotient. By Amplification 1.3 in ||MFK|| , it suffices to show 



that every T-orbit in V is closed. Consider z = {zi,Z2) G V. Since 
U — > X is a geometric quotient, the projection V — ^ U induces 



a morphism x'- Tz — > Tzi = Tzi. By Lemma |5.1| , the morphism 
7: T — > Tzi given by 7(t) = tzi is bijective. Because the charac- 
teristic of the ground field k is zero and both T and Tzi are smooth, 
the map 7 is an isomorphism. Let 7': T — >■ Tz C V^ be defined by 
7'(t) = tz. Hence, the map 7'o7~^o;y: Tz — > Tz C Tz is the identity 
on Tz. It follows that 7' o 7^^ o ;>(; is the identity map on Tz and we 
conclude that Tz = Tz. 

Since the projection from V onto U is T-equivariant, the second 



assertion follows from Lemma 5.L D 



Before discussing characteristic varieties, we review some properties 
of the order filtration. Recall that the sheaf V is naturally filtered 
by the order of the differential operators. In particular, this makes 
H^{Ua,'D) into a filtered ring. We can also filter the ring A by the 
order of the differential operators (in fact, S' = gr{A)) and this induces 

(A - )- 

a filtration on the quotient m -.)-.(e-Q€Ci(x)v) - ^^ Musson observed, we 
have 

Lemma 5.3 (Musson). For every a E A, the isomorphism ip^ [see 
equation ( |3.C] )] preserves the filtrations induced by the order of differ- 
ential operators. 

Proof. See Section 4 in |[Mlj|. D 



A filtration of an A-module F is called good if the associated graded 
module gr(F) is finitely generated over S'. Every finitely generated 
A-module has a good filtration and, conversely, any module with a 
good filtration is necessarily finitely generated over A. For a good 
filtration of F, we define the characteristic ideal i{F) to be the radical 
of Ann^/ (gr(F)). Since any two good filtrations are equivalent, the 
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characteristic ideal i{F) is independent of the choice of good filtration. 
The characteristic variety of F is Ch(F) = Var (i(-^)) C A'^ x A'^. 
Analogously, for a D-module JF with a good filtration, we define the 
characteristic variety Ch(jF) to be the support of the associated graded 
sheaf gr(jF). 

We first describe the characteristic variety associated to the graded 
left A-modules Z)i(b). Let pu = (u, ei)a;i^i + ■ ■ ■ + {u,ed)xdC,d G 5", 
for all u e Cl(X)'^. We consider the ideal p = (po : u e C1(X)^) and 
the corresponding variety Z = Var(p) C A'^ x A'^. It is clear that Z is 
invariant under the T-action. 

Proposition 5.4. The variety Z is a normal complete intersection of 
dimension d + n. Moreover, Z is equal to the characteristic variety 
Ch {DL{h)), for every b G C1(X). 

Proof. By choosing a basis Ui, . . . , Ud~n for C1(X)^, we can write p = 
{Pui '■ 1 < i < d — n). For each Uj, we pick a representative Uj G 
(Z"^)^ for Uj such that ui, . . . , Urf_„ are linearly independent. We then 
enlarge this collection to obtain a basis ui, . . . , u^ for (Z*^)^. Setting 
Qu = (u, ei)a;i^i + ■ ■ ■ + {u,ed)xdCd £ S', for all u G (Z'^)^, it follows 
that the ideal {q^i : 1 < i < d) equals (xj^j '■ ^ < i < d), which has 
dimension d. Hence, the q^^ and p^. form a regular sequence and we 
deduce dim(Z) = d + n. 

To prove that Z is normal, we apply Serre's criterion. Because being 
a complete intersection implies the (S'2) condition, it suffices to show 
that Z satisfies condition (-R1), which we check by using the Jacobian 
criterion. The Jacobian matrix Jac(x,.^) of {pui, ■ ■ ■ ,Pud-„) is given by 

(ui,ei)^i ■■■ {ui,ed)U (ui,ei)a;i ■■■ {ui, ed)xd 

{Ud-n, ei)^i ■ ■ ■ {Ud~n, ed)^d {Ud-n, ei)a;i ■ ■ ■ {Ud-n, ^d)Xd/ 

Observe that, for 1 < i < (i, the restriction 0. ^^Ze^ — > C1(X) is sur- 
jective. Indeed, if o"j is the cone generated by Vj, then every element in 
C1(X) can be represented by a divisor whose support does not intersect 
f/o-.. We deduce that if the rank of Jac(x, ^) is strictly less than d — n, 
then at least two of the pairs of coordinates {xi,C,i), . . . ,{xd,C,d) are 
zero. By cutting with n extra quadrics q'ud_„+i5 • • • , Qu^^ we see that the 
codimension of the singular locus of Z is at least two. Therefore, the 
variety Z is normal. Moreover Z is a cone which implies it is connected 
and hence integral. 

Recall that, for b G C^X)"^, we have Diih) = (g_^+(Q^^b)!i'< » < d-n) ' 
and for the order filtration the initial term (or principal symbol) of the 
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above elements is in(6'ui + (^i; b)) = 6^-. Since the 6'^^ for 1 < -j < d — n 
form a regular sequence in S' = gr(A), it follows that gr (£'^(6)) = 
S'/p. On the other hand, we have already seen that p is reduced, so 
we have Ch (/^^(b)) = Var(p) = Z. D 

Corollary 5.5. If F e A-GrMod^, then we have Ch(F) C Z. 

Proof. By Corollary [4.8|, F is a quotient of ^l^iDiO^i), for some r 



and some b,. It follows that Ch(F) C [Jl^^ Ch {DLihi)) = Z. D 

We next relate the cotangent bundle of X to the variety Z. Consider 
the following diagram: 

znv > V > u 



7T{znv) > X' > X 

where X' — > X arises from the universal property of the categorical 
quotient. 

Proposition 5.6. There is a canonical isomorphism of varieties over 
X between (: 7i{Z fl V) — > X and the cotangent bundle T*X over X . 

Proof. Since T*X is naturally isomorphic to Ch(T'), we see that T*X is 
isomorphic to Spec (^gr H^{Uo-,'D)^ over U^^. On the other hand, from 
the local description of X', we know that the inverse image of f/g- is 
Spec (S" 5)0 and therefore 



By Lemma |5.3| , we have an isomorphism of filtered rings: 



^'^^ (^.)o-(^a:uGCl(X)v) ^ ^^- ^^ 

Notice that the graded ring associated to left hand side is , --uiciiXY) - 



Indeed, following the proof of Proposition |5.4| , the initial terms of 
^ui, • • • , 6'ud_„ are equal to pm, • • • )Pud_„ and form a regular sequence 
in (5'^a)o- Therefore, by passing to the associated graded rings, ipa- in- 
duces the required isomorphism. Because the i^a are compatible with 
restriction, these local isomorphisms glue together to give the required 
isomorphism D 

We now present the main result in this section. 



©-MODULES ON SMOOTH TORIC VARIETIES 25 

Theorem 5.7. If F E A-GrModg, then the characteristic variety of F 
IS T -invariant and 7r( Ch(F) \ Var(b) x A"^) = Ch(F). 

Proof. Since F G A-GrModl, we may choose a finite set /i, . . . , /^ of 
homogeneous generators for F. By using these homogeneous elements 
to define a good fihration of F, it foUows that gr(F) is a graded finitely 
generated S"-module. Therefore, both j(F) = Anns' {s^{^)) ^ind its 
radical i = \/}{F) are graded ideals of S'. Recall that for every t E T, 
we have t ■ x'^^^ = t(a — b)a;'*.^''. We deduce that every subscheme 
defined by a graded ideal is T-invariant; in particular, Ch(F) = Var(i) 
is T-invariant. 

To prove the second assertion, we argue locally and use the identifi- 
cation in Proposition pl6| . Over the open subset Ua, the ideal defining 
Ch(F) \ Var(b) x A^ C Spec(^^) is )■ S'^g- On the other hand, the 

characteristic variety of F over Ua can be computed as follows: If 
H^{Uo-,F) = (-F^5)o has the good filtration induced by the images of 
/i, . . . , /,, then we obtain gr {H^{Ua, F)) = (gr(F)^9)o. To see that 
the annihilator of gr (i7°(f/o-, F)) in {S'^s)o is (Jx&)o) it is enough to ob- 
serve that gr(F)^j can be generated by elements of degree zero. Since 
\/WU)d = Ox^-)o, we may identify 7r(Ch(F) n K) with Ch(F|^J. 
Because these identifications are compatible with restriction, they glue 
together to give the required isomorphism. D 

As a corollary, we obtain 



Proof of Theorem [TJ. Follows immediately from Theorem ^.7| . D 

We end by relating the dimension of the A-module F and its asso- 
ciated P-module F. By definition, the local dimension of a P-module 
JF at a point p E X is equal to the KruU dimension of the associated 
graded module of J-'p with respect to a good filtration respecting the 
order filtration of Pp. It is also equal to the dimension of the character- 
istic variety of J-'p. The dimension of F is by definition the maximum 
of the local dimensions and is equivalently the dimension of Ch(F). 



By Theorem p.7| , the dimension of F is equal to the maximum of 
the local dimensions of F over the open set A"' \ Var(b), minus the 
dimension d — n oi the orbits under the group action. Before showing 
that when F has no b-torsion, we can express this dimension in terms 
of dim(F) , we collect two lemmas. 

Lemma 5.8. If F is a finitely generated left A-module, f is an ele- 
ment of S, and F' is a finitely generated A-submodule of F[f~^], then 
dim(F') < dim(F). 
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Proof. This claim follows immediately from standard results about 
Gelfand-Kirillov dimension; see Propositions 8.3.2 (i) and 8.3.14 (iii) 
in [IMRJ. D 



Proposition 5.9. Let F G A-GrModg and recall that b is the irrelevant 
ideal in S. If F has no b-torsion, then we have 

dim(F) = max{dim(Fp) : p G A"' \ Var(b)} . 

Proof. Suppose otherwise; then we have dim(F) > diTa[Fz) for all 
z E A'^ \ Var(b). Let F' be the maximum submodule of F of dimen- 
sion strictly less than dim(F). In other words, F' is the submodule 
consisting of all / G -F such that A ■ f has dimension strictly less than 
dim(F). Since F' is a submodule, there is a short exact sequence 

— >F' — >F — >^ — ^0. 

By construction, F/F' has no nonzero submodules of dimension strictly 
less than dim(F) and, hence, the irreducible components of Ch.{F/F') 
have dimension at least dim(F); see |JS|. By hypothesis, the irre- 
ducible components of Ch{F) of dimension dim(F) are contained inside 
C-^(Var(b)) where C : T*X — , X. Since Ch(F) = Ch(F')UCh(F/F'), 
it follows that the characteristic variety of F/F' is contained inside 
C^^(Var(b)). Moreover, the support of an A-module equals the projec- 



tion of its characteristic variety (see ||GM|| ) which implies that F/F' is 
supported on Var(b). Taking the long exact sequence in local cohomol- 
ogy, we have 

-^ /7°(F') -. H'.iF) ^ H', (f) -^ Hl{F') -^ ■ ■ ■ . 

By assumption F has no b-torsion, so we have H^{F') = H^{F) = 0. 
Because F/F' is supported on Var(b), we have H^{F/F') = F/F'. 
Choosing a set of generators b = (si, . . . ,Sr), the long exact sequence 
induces 

U pi pi 

Hence, F/F' is a finitely generated A-sub quotient of ^l=iF'[s~^]. 
Lemma p.8| then implies that dim(F/F') < dim(F') < dim.{F/F') 
which is a contradiction. D 

Finally, we have 

Theorem 5.10. If F E A-GrModg has no b-torsion, then we have 
dim(F) = dim(F) — d + n. 
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Proof. Applying Proposition |5.9| , we see that dini(F) is the maximum 
of the local dimensions of F over A'^ \ Var(b). Hence, the claim follows 



from Proposition 5.2. D 



A coherent P-module JF is holonomic if dim(jF) = dimX. 

Corollary 5.11. Ij F G A-GrModg is holonomic, then F is holonomic. 
Furthermore, every holonomic V -module is of the form F for some 
holonomic F G A-GrMod{. 



Proof. Follows immediately from Theorem 5.10 and Remark 4.4. D 
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